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Abstract 
The relation Ye on the set of minimal dominating functions (MDFs) of a finite graph G is defined by 
f&?g if and only if any convex combination off and g is also an MDF. If fis a nonintegral MDF of 
a tree, the existence of another MDF with fewer nonintegral values and other desirable properties is 
established. This existence theorem is then used to obtain facts about the relation W. In particular, 
we deduce that if a tree T has a universal MDF (i.e. an MDF g such that f9g for all MDFsf ), then 
Thas a universal MDF with only integral values. Further, results concerning the convexity graph of 
the MDFs of a tree (a graph which exhibits the essential properties of the relation W) are obtained. 
1. Introduction 
This paper is a sequel to our earlier work [2] concerning the structure of the set of 
minimal dominating functions of a tree. In the interest of brevity and to avoid 
duplication, we restrict the preliminaries to a minimum and refer to the reader to [2] 
for further details if necessary. 
A dominating function (DF) of a finite graph G =( V, E) is a function f from V to 
CO, 11 such that fCu1 =CuaNIvI f(u)2 1 for each UE V. (Here N[u] denotes the closed 
neighbourhood of v.) A DFfis a minimal dominatingfunction (MDF) if for all functions 
g : V-CO, l] with g(u) < f(u) and strict inequality on at least one vertex, g is not a DF. 
MDFs generalize the concept of minimal dominating sets of vertices which have been 
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well studied (see [4]), since the integer-valued (i.e. 0 or 1) MDFs are precisely the 
characteristic functions of the minimal dominating sets. 
It is obvious that for all LE(O, l), the convex combination ;If+(l -n)g of DFs 
f;g of G, is also a DF. However, convex combinations of MDFs are not always 
themselves MDFs. 
For the MDF f we define the positive set Pf of G by 
Pf’{UE IV(t9>0} 9 
the boundary off, denoted by B,, by 
Bf={u~VIf[u]=l} 
and the nonintegral set 2, off by 
Z~={uEV~O<f(u)<1}. 
For vertex subsets A, B of I’, A dominates B (denoted by A>B), if and only if for 
each beB, bEA or b is adjacent to some vertex of A. 
Proposition 1.1 (Fricke [3]). The DFfof G is minimal if and only if Bf>P,-. 
The following theorem shows that convexity of MDFs is an ‘all or nothing’ 
situation, i.e. either all convex combinations of MDFs are themselves MDFs or 
none are. 
Theorem 1.2 (Cockayne et al. Cl]). Let f,g be MDFs of G. For any k(O, l), 
Ilf+(l-A)g is also an MDF ifand only ifB,-nB,>P+P,. 
We accordingly define the relation ~8 on the set 9 of MDFs of G by f%?g if and only 
if all convex combinations off and g are themselves MDFs (i.e. by Theorem 1.2, fS%‘g 
if and only if BpB,>P+P,). 
In [1,2] we began a study of the relation 9 for general graphs and for trees in 
particular. A uniuersal MDF was defined to be an MDF g such that gBf for all feS. 
In the terminology of the theory of convex sets, the set of universal MDFs of a graph is 
the set of all ge9 such that 9 is star-shaped with respect to g. It follows that the set of 
universal MDFs is itself a convex set [S, pp. 4,5]. Not all graphs (or even all trees) 
have universal MDFs (see [l, 21). 
In this paper we establish an existence theorem concerning MDFs of trees. More 
specifically, given an MDF f for which Z, > 8, we prove that there is another MDF 
g with Z, strictly contained in Z, and which has other desirable properties. We deduce 
some facts about the relation .%? for trees, including (i) if a tree has a universal MDF, 
then it has an integer-valued universal MDF and (ii) the graph of the relation 9 is 
connected if and only if the subgraph induced by the integer-valued MDFs is 
connected. 
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We also define and study the convexity graph of the MDFs of a tree. This is a finite 
graph which exhibits the properties of the infinite relation W. 
2. The main result 
For any graph G, let L denote the set of endverties or leaves of G. 
Theorem 2.1. Let f be an MDF of a tree T and UEZ~. Then there exists an MDF g of 
T satisfying 
g(v)= 1, PqEPJ, BfzB,, z,cz,. 
Proof. Root Tat v and let vlvz ... v, be any order of Y in which v1 = v and for each 
jE{2,..., n} the parent p(Vj) of vi is in {vl, . . . ,Uj_l}. 
We define a function g recursively. Initially set g(vl)= 1. 
Forj=l,..., n - 1, at the jth stage, g is augmented by defining additional values on 
C(Vj), the set of children of Uj, so that after the jth stage, the domain of g is given by 
dom(g)={v~,...,Vj}u{C(~~),...,C(~J}. 
Note that for j >, 2, vjEdom(g) after the ( j- 1)st stage. 
The new values are defined by the following procedure, which we will subsequently 
call P. 
Procedure P: 
U’l) If gl{vj,P(vj))=fl(vj,P(Vj)), then glC(Vj)=flC(Uj), 
otherwise, 
(P2) g(U)= 1-g(Vj) for all UEC(Uj)flZfflL, 
(P3) g(U) =f(U) for all UEC(Vj)-ZZf . 
It remains to define g on q=(C(oj)nZf)- L, i.e. on nonleaves u of C(Vj) for 
which 0 <f(u) < 1. This is accomplished by one of the following steps P4, P5 
or P6. 
(P4) If g(uj)= 1, then g(u)=0 for all UE 5, 
(P5) If g(oj)=O and Vj$Bf, then g(u)=1 for all UE~, 
(P6) If g(uj) = 0 and UjE B,, let Aj = sum of values of g assigned to C(Uj) by P2 or P3 
and further let pj= Aj+g(p(Vj)), 
(P6a) If pj>O, then g(u)=0 for all UEY~, 
(P6b) If ,u~=O, pick any u* E 5. Let 
g(U*) = 1 
g(u)=0 for all UE~-(u*}. 
It is necessary to prove that g is well defined. 
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Lemma 2.2. The procedure P defines a function g on V. 
Proof of Lemma 2.2. Suppose not and that k is the first integer in { 1, . . . , n - l} such 
that P fails to define g on C(Q). Note that vL$L and let p,p* denote p(vk),pCp(vk)), 
respectively. It is easy to check that k> 1 and hence g(v&, g(p) are defined. The 
assignments Pl, P2, P3 are well-defined since values of J g(v,J and g(p) are defined. 
Hence the trouble must arise in P4, P5 or P6 and is due to g(vJ being nonintegral. The 
assignments P4, P5, P6 are used only if 
g(vJ ff(v/J (1) 
or 
g(p) #f(P). (2) 
We show that each of (1) and (2) implies that g(v& is integral, thus giving a contra- 
diction which proves the Lemma. In fact, for use later in the proof of Lemma 2.3, we 
also prove that g(p) is integral. 
First suppose that (2) is not true. Then (1) is true and so g(v& was not assigned by 
Pl. Further, since vk$L, g(vJ was not assigned by P2. The assignments of P3-P6 are 
integral, hence g(v,J is integral. Suppose g(uk) was defined at the jth stage, where j < k 
and vj=p. The procedure for such an assignment implies (since (2) is false) that 
g@*) #f(p*). It now follows by the method of assignment of g on C(p*), that g(p) is also 
integral. 
On the other hand, if (2) is true, then g(p)E{O, l} and the definition of g on C(p) 
ensures that g(u,J is also integral. This completes the proof of the lemma. 0 
The proof will continue by establishing the following lemma. 
Lemma 2.3. For each je{ 1,2, . . . , n- l}, after the jth stage of the above procedure, 
g satisfies: 
(i) g[VJBlfor i=l,...,j, 
(ii) v~EB,, where in{ 1 ,...,j} implies g[vi]=l, and 
(iii) g(u) > 0 implies f(u) > 0. 
Proof of Lemma 2.3. First note that g(u)#f(u) implies that ueZI. Hence f(u)=0 
implies g(u) = 0 and (iii) is true. 
Now suppose, contrary to the lemma, that (i) and (ii) hold after each of the stages 
j=l,2,..., k- 1 but do not both hold after the kth stage. 
Suppose QEL, i.e. C(v,) = 8 and no new values of g are assigned at the kth stage. Let 
p(vL)= vj, i.e. g(vk) was assigned at the jth stage (j< k). Then since LGB, [2], 
Since QEL, the assignment of g(vJ was made by Pl,P2 or P3. In the case of Pl, 
g[uJ =f[vk] = 1. For P2, g[vk] =g(vk)+g(vj)= 1. Finally, if P3 was used to define 
g(v& then vk#Z/. and so since vk~BS, we deduce (f(vk),f(vj)} = {0, l}. By the first 
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statement in the proof of Lemma 2.3, g(vj)=f(vj) and by P3, g(v&=f(uk). Hence 
g[u,J =f[uk] = 1. In all three cases, (i) and (ii) hold after the kth stage. This contradic- 
tion shows v&L. 
It is easy to check that k # 1 and that the values of g on C(u,) are not assigned by Pl. 
Therefore (1) or (2) holds and since vk$L, it follows from the proof of Lemma 2.2 that 
g(uk) and g(p) are integral. There are now three cases to consider. 
Case 1: g(vk)=g(p)= 1. 
Since v&L, C(v,) # 8, P defines g in C(Q) and g[vJ > 1. It remains to show that 
vkeBf is impossible in this case. Recall that (1) or (2) holds. 
If g(vk) #f(vk), then O<f(vk)< 1 and the definition of g on C(p) would define 
g(vk)=O by P4, a contradiction. 
Therefore g(vk) =f(v,J= 1 and g(p) #f(p). It follows that O<f(p)< 1 and 
f[vk] af(vk)+f(P)>l, i.e. vk#Bf. 
It now follows that (i),(ii) hold after the kth stage, a contradiction. This completes 
case 1. 
Case 2: g(vk) = g(p) = 0. 
Since v&L, C(vk) # 8 and g may be defined on C(Q) by the procedure satisfying 
g[vk] 2 1, provided thatf(u) >O for some UEC(vk). Suppose this is false andf(u)=O for 
all uoC(vk). We know (1) or (2) is true. 
If g(vk) #f(vk), then O<f(vk)< 1 and sincef[vk] > l,f(p)B 1 -f(vk). It follows that 
O<f(p)< 1 and hence g(p) #f(p). But g(p)=0 implies that g(vk) is defined by P5 or 
P6. If p$B,, then P5 would make g(vk)= 1, a contradiction, hence DEB/. Therefore 
f(p*)=O (pz exists since g(p) # g(ul), hence p # q) andf(u)=O for all WC(~)---(vk}. 
Then the definition of g on C(p) at the earlier stage, proceeds by P6b. The only choice 
for u* is vk, i.e. g(vk)= 1, a contradiction. 
If (2) holds, then 0 <f(p) < 1 and since f[vk] 2 1, f(vk) > 1 -f(p) > 0. Therefore 
g(vk) #f(vk) and we obtain the same contradiction. 
It follows that the procedure defines g on C(vk) satisfying g[vk] 2 1. To prove (ii), 
suppose ukEBp Since (1) or (2) holds, there is no ueC(vk) with f(u)= 1. Further, 
g(vk)=O iInplieSf(uk) # 1. We Claim that vk iS adjacent t0 at mOSt one leaf and that 
such a leaf, if it exists, is in Z,-: If /eLnC(vk), then by the MDF property, 
f[e] =f(/)+f(vk)a 1. But vkEBf and thus f(e)+f(vk)= 1, so that f(e)= l-f(v,& 
Since f(e), f(vk) # 1, /EZ,. Further, if e’oLnC(vk) with /‘#e, then 
f[vk] af(vk)+f(/) +f(/) = 2-f(Q)> 1, contradicting UkEBf. 
Hence, if (/> = LnC (ok), then P2 defines g(e) = 1, pk = 1 and P6a defines g(u) = 0 on 
Yk, which implies g[vk] = 1. 
Otherwise, LnC(vk)=@ and pk =O. By the above proof of(i), Yk # 0 and P6b defines 
g on C(vk) so that g[vk] = 1. Therefore (i) and (ii) hold for j= k, a contradiction. 
Case 3: {dvk)~i?(d}=(o~ 11. 
Since v&L, the procedure defines g on C(s) so that g[uk] 2 1. 
Let vkE B,. Recall that (1) or (2) is true. It follows that vk or p is in Z,. Hence, there is 
no aoC(vk) withf(u) = 1 and there is at most one leaf in C(vk); if such a leaf exists, it is 
also in Z,. 
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Suppose LnC(z+J= (8). S ince QEB~,~(P)=O. By (iii), g(p)=0 and hence g(uk)= 1. 
Therefore, by P2, g(e)=0 and g(u)= 0 for u~C(q)- {e} by P3 or P4. We conclude 
gCtkl= 1. 
IfLnC(Vk)=$theng(u)=Oforallu~C(v,)byP3andP4ifg(u,)=1orbyP3and 
P6a if g(uk) =O. In these two situations also, g[uk] = 1. Therefore (i) and (ii) hold in this 
case for j = k, a contradiction. Cases, l-3 are exhaustive and hence the lemma is 
established. 0 
We now continue the proof of Theorem 2.1. 
After the (n- 1)st stage, dam(g)= V. Vertex u, is a leaf and by Pl, P2 or P3, 
g[v.] = 1. Hence by Lemma 2.3, g[ri]> 1 for i= 1, . . . . n, i.e. g is a DF and if UiEB, for 
iE{l, . . . . n}, then UiEB,, i.e. B,cB, 
By Lemma 2.3 (iii) PB G Pf and by the definition of P, 2, c Z, (notice UEZ~ - Z,). By 
Proposition 1.1, B,>P, hence 
. 
Therefore B,>P, and g is an MDF. This completes the proof of the theorem. 0 
We now define Fz, F1 to be the subsets of p containing those functions f for which 
Z, # 8, Z,=& respectively (i.e. F1 is the set of integer-valued MDFs). 
Corollary 2.4. Iffy is an MDF of a tree T, there exists a sequence a(fi) =fi, fi, . . . , fm of 
MDFs of T such that for i< j, 
B,-ic&, pJ;.zps,, ZfiIZfj, fmE%. (3) 
Proof. If fi EF~, then m = 1 and g( fi) =fi. If fi EF~, the procedure P may be applied 
repeatedly, forming the sequence a( fJ =fi, f2, . . . , fm, which satisfies the first three 
statements of (3) by Theorem 2.1. Since the containment Z,,xZfj is strict, we may 
assume fmEPI. 0 
We write f;:+fj iff; =fi orfi precedesfj in the sequence cr( fi). The directed graph of 
this relation might well be a fruitful topic for future study. 
Corollary 2.5. Letf,A, fj be MDFs of a tree T such thatA-+& andfi .@J Then (a) jjS?f 
and (b) &2&. 
Proof. (a) Br,nBfzBJinBf (by (3)) 
>Pf,uPJ (sinceJ9f) 
2 PfjuP/ (by (3)). 
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Hence Bf,nB,>PfjuPf and fj .???L as required. 
(b) Brjn&i = &; (by (3)) 
>Ps, (since5 is an MDF) 
=PfiUPfj (by (3)). 
Hence BfinBfi>PsuPf, andJB&, as required. 0 
Corollary 2.6. If a tree T has a universal MDF in pzz, then T also has a universal MDF 
in FI. 
Proof. Let fi be a universal MDF in Fz. Then by Corollary 2.4, there exists an MDF 
fmc9, such that fi +fm. Since fi is universal, for all jk9, fi9$ By Corollary 2.5a for 
all f; fm.%?j Hence fm is also universal. 0 
3. The convexity graph of the MDFs 
In order to study the relation 9, one may consider its graph G, with vertex set F, 
where distinct f,g~9 form an edge of G9 if and only iffZJ?g. However, this graph is 
infinite and moreover, due to Theorem 1.2, the properties of 99 may also be studied 
using a finite graph Gs formed (as described below), from G,, by identifying certain 
classes of vertices. 
We define the equivalence relation Q on F by fQg if and only if Bf = B, and Pf = P, 
Let the set of equivalence classes of Q be %= {X,, . . ..X.}. (It is obvious that Q has 
a finite number of equivalence classes.) 
The next result shows that equivalence classes of integer-valued MDFs are 
singletons. 
Proposition 3.1. If fEFI and gEB where f # g, then f &g. 
Proof. Suppose, contrary to the result, that f Qg. Suppose UE V satisfies f(u) # g(u). 
Since P,-=P,, f (u)= 1 and 0 <g(u) < 1. Therefore by minimality, B, = B, dominates 
u and there exists VEB, such that u~N[v]. Since g[v] = 1 and O<g(u)< 1, at least two 
vertices of N [v] are in P, and hence in Pf (because Pf = P,). But VEB, and fcFI, which 
implies there is exactly one vertex of N [v] (in fact u) with positive value off: Hence 
Pf # PB, a contradiction. 0 
Proposition 3.2. If f Qg, then Z, = Z,. 
Proof. Suppose not. Then (using Pf= P,) without loss of generality, there exists 
UE V such that f(u) = 1 and O<g(u) < 1. The rest of the proof is identical to that of 
Proposition 3.1. 0 
We observe that Theorem 1.2 implies the following corollary. 
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Corollary 3.3. Let fEXi and gEXj. Then fBg if and only $fB?gj for all f;:EXi 
and g,~Xj. 
In view of Corollary 3.3, instead of working with G9, we may use the graph Gs of the 
following relation S defined on ?Z: 
XiSXj if and only if f9g for some (i.e. all!) fEXi, gEXj 
The graph Gs, which we call the convexity graph of the MDFs, is formed from G8 by 
identifying the vertices of Xi for each i= 1 , . . . . t. A universal MDF (an equivalence 
class Xi which contains a universal MDF) is a vertex of G, (G,) which is adjacent o all 
other vertices. 
We remark that the material presented so far in Section 3 applies to graphs in 
general, while the remainder of the results are only proved for trees. We use T, and 
Ts instead of G,, Gs when we are discussing MDFs of a tree. 
Several facts about Ts follow immediately from Corollaries 2.4 and 2.5. If 
the distinct MDFs fi, f2 are such that fi+f2, then they are in distinct equivalence 
classes X1,X, respectively (Proposition 3.2). Corollary 2.5(b) and the definition 
of Ts imply that X1X2 is an edge of Ts while we deduce from Corollary 2.5(a) that 
if XX, is an edge of Ts, then so is Xx2. If flEFz and fi, . . . . fm is the sequence 
whose existence is asserted by Corollary 2.4, then the equivalence classes 
X 1, . . . . X, where fiEX, for i= 1, . . . . m are distinct and the subgraph of Ts induced 
by {Xi, . . ..X.> is complete. The equivalence class of any fi EF~ cannot be isolated 
in Ts. 
Let 97 =x1 uXz (disjoint union) where XiE%i if and only if Xi= {f } for fcFI (i.e. 
each Xi~~^l contains precisely one integer-valued MDF, while each XjE!Ez contains 
a nonintegral MDF). 
Theorem 3.4. Ts is connected if and only if the subgraph of Ts induced by Cl1 is 
connected. 
Proof. Suppose that Ts[%J, the subgraph of Ts induced by x1, is connected and 
that X1, Y1 are distinct vertices of Ts which contain MDFs xl,ylr respectively. By 
Corollary 2.4, T has MDFs x,,,,y,,,~F~ where x1+x, and y, -+y,. By Proposition 3.1, 
{xm}, {y,} are vertices of the connected subgraph T,[%^,] and so there is a path in 
Ts joining them. If xleF1, then xm=xl and X1 = {x,,,>. Otherwise, xl~pz and 
x1 9&,, which implies X1 S {x~}. Similarly, Y1 = {y,} or Y1 S {y,}. It follows that there 
is a path in Ts from Xi to Y,, i.e. Ts is connected. 
Conversely, suppose that Ts[.%Yl] is disconnected, i.e. there exists a partition J1,Jz 
of .!Z1 such that 
X,EJ,, Xz~J2 implies X1$X2. (4) 
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XE W, if and only if {g}EJ1 
XE W, if and only if {g}EJZ. 
Since J1 uJ2 = !XI, we infer W, u W, = LZ2 and now show that WI r~ W, = 8. If this 
were false then, using Corollary 2.4, 
f-VI where {g1}6J1 
and 
f-Y2 where {g2} EJ2. 
Then 
%n% 2 BJ (by (3)) 
>Pr (f is MDF) 
Therefore giasa and {g1}S{g2}, which contradicts (4). We deduce WI, W, 
are disjoint and that ( W1uJ1),( W2uJ2) is a partition of the vertex set _Y of Ts. 
For i= 1,2 let XiE WiUJi where the MDF XiEXi and suppose X1SX2. By 
Corollary 2.4 there exist integer-valued MDFs xlm,xZm satisfying x1+x1,,, 
and x2 +x2,,,. Since x19x2, two applications of Corollary 2.5(a) imply xim9?xZm 
and therefore {xlm} S{xznt}. However, by the definitions of WI, W,, (xIm}~J1 
and {xzm> E J2, so we have a contradiction to (4). Therefore X1,%X2 and Ts is 
disconnected. •i 
Corollary 3.5. The graph TB is connected if and only if the subgraph induced by the 
set of integer-valued MDFs is connected. 
Proof. Obvious and omitted. 0 
The following example illustrates the convexity graph. The ten equivalence 
classes of the relation Q for the tree T* with V(T*)= { 1,2,3,4,5,6} and 
E( T*) = { 13,23,34,45,56} are given in Table 1. With each class Xi is given the 
boundary, positive set and nonintegral set of any MDF in Xi. The function values for 
each class are listed in the obvious order f (1) , . . . ,f (6). The classes X2, XJ, X4 contain 
only universal MDFs. 
The convexity graph Ts of T has vertex set {X,, . . . ,X1,} and its edge set is 
E,uEz. where El, E, are the edge sets of the complete subgraphs induced by 
{X1, X2, X3, X4, X5, X6> and (X2, X3, X4, X7, X8, X9, X10}, respectively. 
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Table 1 
The equivalence classes of Q for tree T* 
Class MDFs Bf PI ZJ 
Xl o,o, LO, LO { 12356) 1351 
X2 Ll,O,O,LO { 12456) 11251 
X, O,O, l,O,O, 1 { 123456) 1361 0 
X4 G(,a,l-fx,O,a,l-u { 12456) { 12356) { 12356) 
(O<u<l) 
X* 0,0,1,0,1-B,B { 12356) 13561 1561 
(O<Wl) 
X6 CL, a, 1 - i&o, 1,o { 1256) { 1235) 11231 
(O<a<l} 
X, 1, LO, LO, 1 { 1246) {1246} 8 
X8 a,&-r&6(,0,1 { 1246) { 12346) { 1234) 
(O<G(<l) 
x9 LLO,P,1-B,B { 1246) { 12456) 1456) 
(O<B<f) 
XI0 d(,OL,l--,a+P-l,l-_B,B { 1246) { 123456) { 123456) 
(o<ol,/I<l,G(+/I>l) 
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